Abstract. We introduce two kinds of generalized Catalan numbers a b
Introduction.
Let P (resp. N, resp. Z, resp. Q) be the set of all the positive integers (resp. nonnegative integers, resp. integers, resp. rational numbers). For X ∈ {P, N, Z, Q}, denote by X[q] the ring of polynomials in an indeterminate q with X-coefficients. In the paper [ In the present paper, we first introduce two kinds of generalized Catalan numbers a b (a, b ∈ Z) and χ(a 1 , ..., a r ; h) (a i ∈ P, h ∈ N) in Section 1. These numbers have an explicit combinatorial interpretation. Then in Sections 2-4, we deduce three formulae for the polynomials γ a 1 ,...,a r (a 1 , ..., a r ∈ P) in terms of generalized Catalan numbers, which are for the cases of r = 1, r = 2 and r 3 respectively. They are so different that we are unable to unify them into a single one. By these formulae, we study some properties of γ a 1 ,...,a r and also answer the above problems of Brenti. In particular, we verify Conjecture A in Theorem 2.2 and give a closed formula for γ a 1 ,...,a r (1) in Corollary 5.7, the latter generalizes Theorem 2.2. We also give a closed formula for γ a 1 ,...,a r (−1) in Corollary 5.5. §1. Generalized Catalan numbers.
We introduce two generalized catalan numbers a b (a, b ∈ Z) and χ(a 1 , ..., a r ; h) (a i ∈ P, h ∈ N). They shall play a crucial role in the formulae of γ a 1 ,...,a r . The lemmas given in the section will be used quite frequently in the subsequent sections. 
for a ∈ P. · · · 1.3. Let us generalize the above notion a little bit. Let ∆ n be the set consisting of all the n-
In particular, denote by (0, 0) the element of ∆ n with all the components being the point
.., (a n , b n )) ∈ ∆ n . By a bounded lattice path from (a, b) to (0, 0) in ∆ n , we mean an n-tuple p = (p 1 , ..., p n ), where for any 1 i n, p i is a bounded lattice path from (a i , b i ) to (0, 0) in Fig. 1 . Clearly, the product
is just the number of bounded lattice paths from (a, b) to (0, 0) in ∆ n .
1.4.
For any c ∈ R, denote by c the largest integer not greater than c, and also denote by c the smallest integer not less than c. Then we have the following simple results. 
is equal to the a 2
-th Catalan number.
Owing to Lemma 1.6 (1), (4) 
for any a 2b in N.
Proof. , this is equivalent to showing
But the last equation is easy to check.
Next assume m(a, b) = a − (2b + 1) > 0, b > 0, and that (2) has been shown for all
So (2) is shown. §2. The formula for the polynomial γ t .
In the present section, we deduce the formula for the polynomial γ t with t ∈ P. By applying the formula, we are able to verify Conjecture A.
Theorem 2.1. For any n ∈ P, we have
Proof. We shall show the equations (1) and (2) simultaneously. Since
the result is obviously true in this case. Now assuming the result for γ 2n−1 . Then by (0.1), we have
, the result is true for γ 2n .
Next we consider the polynomial γ 2n+1 . By (0.1), we have
So the result holds for γ 2n+1 also. By induction, this proves our result. 
which is equivalent to
n .
Now equations (2.2.2) and (2.2.3) follow immediately from Lemma 1.1 (2).
Remark 2.3. We understand that D. Zeilberger proved Conjecture A (see [9] ). Our proof is more direct comparing with that of Zeilberger, as we have Theorem 2.1. §3. The formula for the polynomial γ m,t .
In this section, we give the explicit formula for the polynomial γ m,t with m, t ∈ P.
Define an operator
Then from Theorem 2.1, we see that
The following is the formula for the polynomial γ m,t . Proof. By (0.2) and (3.1.1), we have
Theorem 3.2. For m, t ∈ P, γ m,t is equal to
So the result is true in this case. Now assuming the result for γ m,t , we shall show it for γ m+1,t . For m, t ∈ P, let
We must show that γ m+1,t = F 1 (m + 1, t) + F 2 (m + 1, t) + F 3 (m + 1, t).
(a) First assume that both m and t are even. Then
where
Then α 4 + α 6 = α 7 + α 8 , where
We have F 3 (m + 1, t) = α 1 + α 7 . On the other hand, α 3 + α 5 + α 8 is
Clearly, F 2 (m + 1, t) = α 9 + α 2 . The result is shown.
(b) Next assume that both m and t are odd. Since the case of m = 1 is easy to check, we may assume m > 1. Then
and D = qα 6 , where
We have β 1 + qα 6 = β 2 + qα 8 , where
Let us write F 3 (m + 1, t) = F + F , where
Then F = α 1 + β 2 and F = q(α 3 + α 5 + α 8 ). We get the result.
(c) Next assume that m is odd and t is even. Then
and D = γ 1 , where
Then β 1 + γ 1 = γ 2 + γ 3 , where
and q(α 3 + α 5 ) + γ 3 is
Since F 3 (m + 1, t) = γ 4 + γ 5 , the result follows.
(d) Finally assume that m is even and t is odd. Then
Clearly, F 3 (m + 1, t) = δ 3 + α 1 . On the other hand, α 3 + δ 2 is
We have F 2 (m + 1, t) = α 2 + δ 4 . Hence the result follows. §4. The formula for the polynomial γ a 1 ,...,a r , r 3.
Fix a 1 , ..., a r ∈ P with r 3. Recall the notations w i , x j , 1 i, j r, defined in 1.5.
In this section, we give the formula for γ a 1 ,...,a r . (−1)
(−1)
Comparing with Theorems 2.1 and 3.2, we see that the formula in Theorem 4.1 does not hold for r 2.
The proof of the theorem will proceed in several steps. is equal to (q−1)
2 , it becomes (q−1)
Multiplying it out, we get
By Lemma 1.6, the last term is equal to (−1)
+1 χ (1, a 1 , . .., a r ; 0)q w 1 2 +1 . So the result holds for γ 1,a 1 ,. ..,a r . 1 holds for γ a 1 ,...,a r with some r 3   and a 1 , . .., a r ∈ P. Then this formula also holds for γ a 1 +1,a 2 ,...,a r . Proof. In this proof, we temporarily use F i (a 1 ) for F i (a 1 , ..., a r ) , i = 1, 2, 3, to simplify the notation. By (0.1), we have γ a 1 +1,a 2 ,...,a r = (q − 1)γ a 1 ,. ..,a r + U w 1 −1
Then by the assumption on γ a 1 ,...,a r , we get
(a) First assume that both a 1 and w 2 are even. Then
+k ,
In (4.4.1), we have A = F 1 (a 1 + 1) + α 1 , B = α 2 + α 3 , C = α 4 + α 5 and D = α 6 , where
+k , α 3 = (−1)
Let α 7 be the term in α 6 with k = a 1 2 :
Then α 3 + α 5 + α 7 is α 8 = (−1)
+1
.
Clearly, we have F 2 (a 1 + 1) = α 2 + α 8 .
Rewrite the difference α 6 − α 7 as
+2
+k .
Then α 4 + α 9 is
Since F 3 (a 1 + 1) = α 1 + α 10 , this shows our result.
(b) Next assume that a 1 is even and w 2 is odd. Then
In (4.4.1), we have A = F 1 (a 1 + 1) + α 1 , B = α 2 + α 3 , C = β 1 + β 2 and D = qα 6 , where
We see that α 3 + β 2 = α 8 and F 2 (a 1 + 1) = α 2 + α 8 . Rewrite qα 6 as
So β 1 + qα 6 is
Since F 3 (a 1 + 1) = α 1 + β 3 , our result follows in the case.
(c) Next assume that both a 1 and w 2 are odd. Then
In (−1)
we have γ 1 + γ 2 = γ 3 + qα 7 , where
(−1) χ (1, a 1 , . .., a r ; 1).
The result follows.
When r = 2, the result can be shown similarly by Theorem 3.2 instead of Theorem 4.1.
Finally, when r = 1, the result is just Theorem 2.2.
